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In an attempt to generalize general relativity, we propose a new Hermitian theory of gravity. Space- 
time is generalized to space-time-momentum-energy and both the principles of general covariance 
and equivalence are extended. The theory is endowed with a Hermitian metric on a complex 
manifold. The Hermitian metric contains, apart from the symmetric metric, an anti-symmetric 
part, which describes dynamical torsion. The causality structure is changed in a way such that 
there is a minimal time for events to be in causal contact and a maximal radius for a non-local 
instantaneous causally related volume. The speed of light can exceed the conventional speed of 
light in non-inertial frames and accelerations are bounded. We have indications that the theory 
of Hermitian gravity yields general relativity at large scales and a theory equivalent to general 
relativity at very small scales, where the momenta and energies are very large. As an example, 
we study cosmology in Hermitian gravity, where matter is described by two scalar fields. While at 
late times Hermitian gravity reproduces the standard cosmological FLRW models, at early times it 
differs significantly: quite generically the Universe of Hermitian cosmology exhibits a bounce where 
a maximal expansion rate (Ricci curvature) is attained. Moreover, we prove that no cosmological 
constant is permitted at the classical level within our model of Hermitian cosmology. 



I. MOTIVATION 

According to Albert Einstein's principle of relativity the 
laws of physics are independent of system of reference. 
The principle of equivalence states that an observer can- 
not tell whether he is accelerating or placed in a gravi- 
tational field. If we follow Einstein's principle of relativ- 
ity closely one could argue that there must be a similar 
principle of equivalence between rotating observers and 
observers placed in a torsion field. A torsion field is a 
gravitational field which causes observers to rotate 
Theories of generalized gravity, in which dynamical tor- 
sion is present, have been proposed, using the standard 
principle of covariance. The theory proposed by Mof- 
fat @ has unsatisfactory properties 3] [4], which caused 
many to give up dynamical torsion. 

In this article we propose a theory of dynamical tor- 
sion, by not only extending the principle of equivalence, 
but also by extending the principle of covariance. We 
generalize space-time to space-time-momentum-energy, 
imposing the reciprocity symmetry as a symmetry be- 
tween space-time and momentum-energy, as was sug- 
gested by Max Born in 1938 [5]. Max Born's original mo- 
tivation behind the idea that the laws of physics should 
be invariant under the reciprocity transformation was 
that position and momentum operators of quantum me- 
chanics obey the reciprocity symmetry transformation. 
Hence a theory unifying quantum mechanics and gravity 
should also be invariant under the reciprocity transfor- 
mation. Our aim is to formulate this new theory, incorpo- 
rating the reciprocity symmetry and simultaneously sat- 
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isfying an extended principle of general covariance. We 
will leave the quantum aspect of the theory for future 
work. 



A. The Reciprocity Principle 

According to Max Born the laws of physics are invariant 
under the reciprocity transformation, which is given by 

x" -^p" p" -» -x", (1) 

where and p^ are the four vectors (ct,x) and (— ,p), 
respectively. The components of the angular momentum 

are indeed invariant under the reciprocity transforma- 
tion. Since torsion couples to angular momentum [l[, 
it seems natural to demand that a new theory describ- 
ing dynamical torsion should be invariant under the reci- 
procity transformation. 

Note that, when quantizing this new theory, which we 
leave for future work, the commutation relations from 
quantum mechanics 

x^p v - p v x^ = ih5>i (2) 

are also invariant under the reciprocity relation. 

B. General Relativity and the Reciprocity 
Principle 

The theory of general relativity describes our universe 
at large scales (at the moment we are not considering 
cosmological issues such as dark matter and dark energy) 
and it generalizes classical mechanical ideas as orbits, 
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instead of wave functions, in order to describe particles. 
The four dimensional line element 

ds 2 = g iiV dx >L dx v (3) 

is a fundamental notion in the theory of general relativity. 
It is clear that general relativity and the way distances 
are determined ^ breaks the reciprocity symmetry |T]). 
Demanding that the theory, unifying quantum mechan- 
ics and general relativity, should respect the principle of 
reciprocity, we can state a four dimensional momentum- 
energy line element 

da 2 = ^ u d Pll dp v> (4) 

which should dominate over the space-time line element 
(|3|), whenever the momenta are very large compared to 
this position length scale. 

According to the classical laws the momentum p M is 
given by mx^, which corresponds to the tangent vector 
of the path taken. The idea of having a tangent space at 
each point of the manifold, corresponding to the physical 
idea of the momentum as tangent vector, is clearly only 
applicable in the classical realm of physics, when mo- 
menta are small compared to distances. For the sake of 
brevity, Max Born called this scale, at which the theory 
of general relativity is valid the molar world Q , while he 
called the " small world" , which is described by the mo- 
mentum energy line element (j4} the nuclear world. The 
world, which lies in between these worlds on the energy- 
momentum and space-time scales, is familiarly called the 
quantum world, which is the realm of quantum gravity. 

Since general relativity is governed by Einstein's equa- 
tions 

we can state via the principle of reciprocity the reciprocal 
Einstein equations 

pn» _ hfp - AY" = k'T'^, 

which are supposed to govern the momentum-energy cur- 
vature of the nuclear world. 

We now have a vague idea of how the theory should 
behave in certain limits and the principles it should 
obey, namely the principle of reciprocity and the gen- 
eralized principle of general covariance. Our goal is now 
to construct a theory which obeys all these limits and 
principles. The principle of general covariance suggests 
that there should exist a space-time-momentum-energy 
line element that specifies a corresponding space-time- 
momentum- energy interval, which is absolute in the sense 
that all observers would agree on it; interpreting the 
momentum- energy coordinates as coordinates, specify- 
ing non inertial frames, all relatively non inertial mov- 
ing observers should agree on the measured space-time- 
momentum- energy interval. While our proposal extends 
the standard covariance principle, proposed by Einstein 



in 1905 6], it necessarily breaks this principle of covari- 
ance by introducing energy-momentum into the distance 
measurements. Space-time then becomes a relative space 
with respect to observers moving non inertially with re- 
spect to each other and becomes absolute only in the 
limit of relatively inertial moving observers. 

II. ALMOST COMPLEX STRUCTURE 

Clearly we need a metric on a manifold to mathematically 
describe space-time-momentum-energy curvature. In or- 
der to build a theory which is reciprocal in momentum 
and space and at the same time reduces to the theory 
of general relativity in the molar limit, we need com- 
plex manifolds with a Hermitian metric. This is the case 
because the Hermitian metric is defined such that it is 
invariant under the reciprocity transformation |T]). Any 
2d dimensional manifold, with a d x and d y coordinates, 
locally admits a tensor field J 0, which maps the tan- 
gent space of the manifold into itself, J p : T p M — > T p M, 
in the following manner 

J J(y»)^-x», (5) 

where the index \x runs from to d—1. It is clear that this 
map is equivalent to the reciprocity transformation ([I]) , if 
the y coordinate is interpreted as the energy-momentum 
coordinate. The map J, also known as the "almost com- 
plex structure" operator, may be defined globally on a 
complex manifold and then it specifies completely the 
complex structure of the manifold. A metric C, which 
is invariant under the action of this J operator in the 
following way 

C P (J P Z, J P W) = C P {Z,W) , 

is a Hermitian metric, where Z,W £ T P M and T p M is 
the complexified tangent space [7j. The action of the 
almost complex structure operator on the basis vectors 
of the complexified tangent space follows from the defi- 
nitions of the almost complex structure map and these 
basis vectors 

( d \ _ , d ( d \ . d 

Consider a full complex metric 

C = C^dz" <8> dz v + C ll9 dz ti ®dz" (7) 
+C fJ , v dz fl ® dz v + C^dz^ ® dz v . 

A Hermitian metric is a complex metric which has - as 
a consequence of the reciprocity symmetry - vanishing 
C M „ and Cfic components: 

C = CpBdz" (8 dz" + Cpvdz* <8> dz", 

where barred indices z^ = f M denote complex conjuga- 
tion. The basic definitions of complex manifolds do not 
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differ too much from the usual definitions of a manifold, 
except for the fact that the complex manifold is locally 
homeomorphic to the complex space C m and the coordi- 
nate transformations are holomorphic and hence satisfy 
the Cauchy-Riemann equations. 



III. THE HERMITIAN METRIC 

We can write the Hermitian line element in eight dimen- 
sional form 

ds 2 = dz T ■C-dz = dz m C mn dz n 

where the Latin indices can take the values 0, 1, ...,d — 
1,0, 1, d — 1, where the Greek indices can take the val- 
ues 0, 1, d— 1 and where the number d is the complex 
dimension of the complex manifold. The entries of the 
metric C mn are functions of holomorphic and anti anti- 
holomorphic vielbeins defined as follows 1 



= e(z)/77 a6 e(z) p b 
Cp, v = e{z) fl a -q ab e{z) v h 



(9) 



where r) a b = diag(— 1, 1, 1, 1). For completeness, we also 
quote the other two elements of the full complex met- 
ric 0, 



= e{z)^j] ah e{z)^ 



(10) 



Note that holomorphy of the vielbeins e° = e^(z) implies 
the reality condition for the line element, 



rfs 2t = ds 2 , 



(11) 



since it implies the following definition for complex con- 
jugation of the metric, 

We can also write the Hermitian line element in its fa- 
miliar four dimensional form 



ds 2 = 2dz T -C -dz = 2dz f "C )li ,dz p , 



(12) 



which is a logical extension of the complex inner product 
(w,v) = WiVi. Note that, in this familiar form (fT2|) . the 
Hermitian metric is actually Hermitian in the usual way, 
C = C\ since the line element is real. We shall see that 
the eight dimensional notation ([5]), through which the 



Hermitian metric takes its symmetric form, C T = C, is 
very handy for obtaining the equations of motion for this 
theory. We can define the z M and zfi coordinates in terms 
of x^ and y^ , as follows 2 



8* = -U^ 



d l/<9 . d 

dz^ ~ y^Kdxf* 1 dyi 1 



and their complex conjugates. This implies the following 
decomposition of complex vielbeins in their real, e^, 
and imaginary, e/?, parts in the following manner 



a 

en,,. 



eZ = e£ = e R ^ - iei% 



e R a u + i ei <l. (13) 



Vielbeins are holomorphic functions, and thus transform 
as holomorphic vectors (we consider only the transforma- 
tion of the Greek indices for this purpose), 



dz a (w v ) 



(14) 



e?(z'). 



The holomorphy of vielbeins, 

d/dzHl = l/V2[d/dx^ + id/dy^}[e R a v + iefi] = 0, 
then implies the Cauchy-Riemann equations, 

de R a v _ deil derf _ de R l 



dx^ dyi 1 



dx^ 



dy* 



(15) 



The Cauchy-Riemann equations (fTSj) then imply that, 
as a consequence of holomorphy, the tetrads are effec- 
tively functions of four independent coordinates, even 
though they are defined on an eight dimensional man- 
ifold. Thanks to the holomorphy symmetry, the number 
of physical degrees of freedom of our eight dimensional 
theory is reduced to that of a four dimensional theory, as 
required by observations. Conversely, the knowledge of a 
complex tetrad (both the real and imaginary parts of the 
tetrad must be known) projected onto the y^ — hyper- 
surface e° (x v , 0) plus the holomorphy symmetry allows 
for the unique reconstruction of the full eight dimensional 
dynamics. This feat is achieved by the simple replace- 
ment: 

e«(^,0)^e«(N/2^ ! 0) = e«(^). 

In this sense our Hermitian gravity is a holographic the- 
ory. 3 Note that this is true only when tetrads are both 
complex and holomorphic. 



1 Here the Latin indices a, b run from 0,1,..., d — 1, since they 
represent local indices, and r\ = diag(— 1, 1, 1, 1). We will the 
discuss the meaning of these indices later. 



2 Checks ( " ) are put on indices to denote the imaginary part of a 
coordinate or on indices of objects, which are projected onto its 
basis vector. 

3 This is of course quite different from 't Hooft's holographic prin- 
ciple @] for quantum gravity. 
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Through the inverse relations for the vielbein e^e" = 
6% we obtain C^ e C ?ll = 5%, which is in eight dimensional 
notation equivalent to 



-^(x" + iy u ), living in over lapping coordinate patches 
on a complex manifold. We can perform a coordinate 
transformation 



C me C en = S£- (16) 

We can now rotate the line element from zP" space to 
x^ ,y^ space, obtaining 



ds 2 = dx T ■ g ■ dx — dx m g mn dx n 
9p>v 9^ ^ ^ dx 



(dx",dy») 



9{lv 9fa> 



(17) 



where the Latin indices take the values 0,1,..., d — 
1,0,1, ...,d — 1, where the Greek indices take only the 
values 0, 1, ...,d— 1 and where the number d is again the 
complex dimension of our manifold. Note that the equa- 
tion for the eight dimensional inverse (|16p holds also for 
the rotated metric, since its a tensorial equation. We 
can express the rotated Hermitian metric components, 
g mn , in terms of complex metric components, in terms 
of real and imaginary parts of the vielbein and in terms 
of the real symmetric metric g^ and real anti-symmetric 
torsion field B^ u , in the following manner 



(C/ii/ + C/ji') C/ip) 



9i*,v 
-B, 



B u 



eip,enl ~ eiifaDVab (enseal + ei^e^ab 



)Vab (" 



Note that we have defined the eight dimensional rotated 
Hermitian metric to be symmetric, g = g T . The rotated 
Hermitian line element is then given by 

ds 2 = (dx^dx v + dy^dy v ) + 2B llv dx^dy u . (18) 

Clearly this line element is equal to the Hermitian line 
element in its familiar form (|12p . when using Einstein's 
decomposition of the Hermitian line element, 



Cfiu — 9^ + iB : 



(19) 



which basically rotates the Hermitian line element to 
x^.y^ space @- Note that this decomposition exhibits 
Hermiticity explicitly, since g is real and symmetric and 
B is real and anti-symmetric. The inverse rotated met- 
ric can be expressed in terms of inverse vielbeins in the 
following manner 




c)u" 



dr" 




where there are 32 independent components in the trans- 
formation matrix, because of the Cauchy-Riemann equa- 
tions 



du» 



dv 11 
dy> 



~dy T 



dx v ' 



We can identify the components of the transformation 
matrix with components of vielbeins, when the set (u, v) 
forms an orthonormal basis, whenever the (x, y) set forms 
a coordinate basis. The Cauchy-Riemann equations in 
terms of vielbeins then become 4 



er A = e A = -e'i 



(21) 



These definitions of the real and imaginary parts of the 
vielbeins are consistent with the definition of the decom- 
position of the complex vielbein in its real and imaginary 
parts (|T3]) . With these definitions the derivation of the 
rotated metric tensor is immediate. Since in general rela- 
tivity the metric is defined in terms of vielbeins as follows 



9 — e k V e 



I ■ 



the \x0 component becomes 
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'A 



when defining the rotated flat metric to be 77 = 
diag(— 1, 1, 1, 1,-1, 1, 1, 1). Using the definitions of the 
real and imaginary parts of the vielbeins (|21[) , the metric 
component g^ v is then given by 



e%V e A - <V e x = {e^e Rb - e R %ei h )r\ , 

which is consistent with the metric components (|20[) 
given earlier. We can now state the inverse relations for 
the real and imaginary components of the vielbeins. In 
ordinary eight dimensional relativity 



m K _ sr, 
e k e l — °l 



,(20) 



where we have suppressed local indices, a and b. 

Finally, there is a very handy way of looking at the 
real and imaginary parts of the vielbein, which allows us 
to derive the just stated objects and their relations in 
a very trivial manner. Consider the following holomor- 
phic coordinates w^(z' y ) — + iv^) and z u (w 5 ) = 



We can prove this as follows. («> M ; 



1& + 

— 1 •".''<■ - ?* s +i(e>"+eS ( if);^ + ii) = 
Note that the whole expression is equal 



4 + ■ 



1 

to zero by the definition that vielbeins are holomorphic, because 
this implies that u) M = ea{z)dz a . Now both the real and imagi- 
nary part of the expression vanish, yielding 



"13 
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The [i\ component then becomes 



ct 



X + e k e X 



e Ra e B.\ 



(22) 



We can see that C^CW = g^g tv + B» e B ev , which is 
equal to the \iv component of g me g en , is indeed equal to 
8% , using the inverse relations of the real and imaginary 
parts of the vielbeins 



IV. FLAT SPACE 

The Hcrmitian line element in flat space becomes 

ds 2 = -(cdt) 2 + (dx) 2 - (dy°) 2 + (dy) 2 . (23) 



From now on we declare the y coordinate to be the 
energy-momentum coordinate by defining 5 y 11 = p^Qf. 
The space-time-momentum-energy interval squared from 
the origin to a space-time-momentum-energy point x = 
(ct, x, Qg-E, is given by 



d 2 (0;x) = -(ct) 2 + (x) 2 + 



r 2 



(24) 



where G 2 N / c 6 suppresses the momentum-energy part by a 
factor on the order of 10~ 72 s 2 /kg 2 , as it should do, since 
we do not observe any momentum-energy contributions 
at low energies. 

The group of transformations, which leaves the Her- 
mitian metric (|12j) invariant, is the [7(1,3) group; the 
elements U of the U(l, 3) group satisfy by definition the 
relation U^r/U — r/. When considering only one space and 
one momentum dimension, instead of three of each, we 
can represent the elements of the SU (1,1) group flOf . 
operating on the space-time-momentum-energy vector 
(t,x,p,E), by 



T(v,f,f )= 1 (v,f,f ) 



( 



f 

\cf 



G 2 N f 
G 2 N fo 



.fo 

c 

-f 



G N fo 

V 

1 




future 




past 



FIG. 1: A light cone, modified by non inertial coordi- 
nate transformations, is being portrayed on a space-time- 
momentum-energy diagram, separating the regions that are 
in causal contact with each other, from the regions that are 
not. There is a nonlocal causally related volume element at 
the origin. 



be added later if one wants to consider the [7(1, 1) group 
instead of the SU (1,1) group. Note that the SU (1,3) 
group reduces to its subgroup the Lorentz group, the 
50(1,1) group, for fi and fo being zero. Thus, for in- 
ertial frames the theory clearly reduces to the laws of 
special relativity. 

If we set ds 2 = and there is no momentum-energy 
contribution, we know that x — c. Demanding again 
that ds 2 — 0, but now for non vanishing momentum en- 
ergy contributions however, the space-time-momentum- 
energy interval (|24[) becomes 



(ct) 2 + (xf 



G 2 NP 2 



= 0, 



(25) 



where j(v,f,fo) 



1 



GUI 



G jy/o 



and where p 2 — p^p^ measures the energy-momentum 



where f = p and /o = — ■ We have neglected two space 
and two momentum components for convenience, since 
the transformations between the spacial components are 
simply rotations in space. An overall phase factor can 



5 In principle one can pick any constant such that the units come 
out right. If one decides to construct the constant without intro- 
ducing new constants, Newton's constant over the speed of light 
cubed is a unique choice up to factors of order unity. Since we 
are, up to this point, constructing a classical theory, there is no 
room for Planck's constant. 



a space-time-momentum-energy hyper surface. Setting 
the space-time-momentum-energy interval to zero deter- 
mines the causality boundary: the hypersurface specified 
by this condition determines the boundary of the causally 
related regions (for causally related events the '=' sign 
in (|25|) should be replaced by a '<'). 

Consider now the case when the momentum- energy 
contribution p 2 is negative. We can furthermore restrict 
the hypersurface by setting t to zero. Solving for x we 
obtain 

Gn^p 2 
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where r max = ^/x 2 (t = 0) is the maximal radius for a 
spatial volume element which is simultaneously causally 
related in a nonlocal manner. This can be seen from 
figure ([T]), which depicts this causality boundary. The 
existence of a momentum dependent maximal radius 
(often referred to as a minimal length scale) suggests 
that nature is inherently nonlocal for non-inertial ob- 
servers. When p 2 is zero the standard light-cone is re- 
covered. To get a feeling on how big this 'violation 
of causality' can be, let us consider a particle on the 
momentum- energy shell (corresponding to the traditional 
on-shell notion), in which case p 2 = —m 2 c 2 , such that 
''max = Gntti/c 2 = rs c h/2, where rg c h denotes the con- 
ventional Schwarzschild radius. Recall that our flat-space 
analysis is based on the geodesic equation and its in- 
tegral the line element, and hence completely neglects 
the self-gravity of (elementary) particles. When the self- 
gravity effects are included however, we expect that the 
above-discussed violation of causality gets hidden by the 
Schwarzschild radius created by the particles in consid- 
eration. It would be of interest to consider in detail how 
the causality analysis gets modified when the self gravity 
of particles is taken into account. 

Alternatively, we can write r max = Gntti/c 2 = 
(m/mpi)€pi, where we introduced the conventional 
Planck mass mp\ = y/ch/G N ~ 2.18 x l(T 8 kg and the 
Planck length £ P1 = ^ftGjv/c 3 ~ 1.616 x 10 _3S m, and 
where h denotes the Planck constant. Even though r max 
is a purely classical quantity, when represented in terms 
of the Planck units, the Planck constant appears (which 
gets, of course, cancelled in the ratio ipi/mpi). 

We can also specify our hypersurface differently by set- 
ting x to zero instead of t (this is in the case of positive 
momentum- energy, p 2 ). Solving for t we obtain 

. _ G N ^P 

£min — a , 

where i m ; n is the minimal time for which an event is 
causally related to past space-time-momentum-energy 
events, as can be seen from the space-time-momentum- 
energy diagram, figure This means that i m i n is the 
minimal time for which an event can influence future 
events. Equivalently, i m j n is the minimal time for which 
an event can be influenced by past events. In the light 
of the above discussion of r max , we see that the mini- 
mal time i m ; n shown in figure [5] exists only for particles 
moving off-shell, and hence these particles are strictly 
speaking not classical. 

The definitions of space-time-momentum-energy past 
and future are natural generalizations of space-time past 
and future; the regions that are in causal contact are 
given again by events removed from the origin by space- 
time-momentum-energy intervals smaller or equal then 
zero, ds 2 < 0. We have thus shown that in the limit 
of weak fields, Hermitian gravity exhibits simultane- 
ously connected regions (maximal distance) for time like 
energy-momentum intervals and a breach of causality 
(minimal time) for space-like frame energy-momenta. 



ct 



*\ n. future 
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spacelikey' 
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FIG. 2: A light cone, modified by non inertial coordi- 
nate transformations, is being portrayed on a space-time- 
momentum-energy diagram separating the regions that are 
in causal contact each other, from the regions that are not. 
There is a minimal time interval for events to be in causal 
contact. 

For light-like frame energy-momenta, Hermitian gravity 
reproduces the standard light causality structure charac- 
terizing the weak field limit of general relativity. 

We now calculate the phase velocity, using the space- 
time-momentum-energy line element (|25[) 

One can see that the phase velocity approaches the con- 
ventional speed of light c for large t. For times smaller 
than the minimal time the phase velocity becomes imag- 
inary and damping will occur. The group velocity for 
massless particles (ds/dt = 0) becomes 

where the four force squared is given by 

^4(f) 2 + (f) 2 <»> 

The maximal group velocity approaches the speed of 
light for small four forces squared f 2 . The maximal 
group velocity must be real in order to facilitate prop- 
agation. The reality requirement implies f 2 < c a /Gm- 
This can be seen from the space-time-momentum-energy 
line element (|2"5|) divided by (dt) 2 . Upon solving (j2l?l) 
for the four force squared (f2"8")) , we obtain (G 2 N /c & )f 2 = 



7 



(g%/c 6 ) (dp/dty 



c 2 -v 2 Q + (ds/dty < 



where the inequalities follow from the observations that 
(ds/dt) 2 < and v 2 > (the reality condition on v g in 
Eq. f27|)). This then implies 



If one then imposes metric compatibility on the Hermi- 
tian metric 



^/-iA 1 pv 







(30a) 



f 



— J max ' 



N 



There is no lower bound on f 2 , since (ds/dt) 2 < can at 
least in principle be arbitrarily large and negative. This 
means that there is also no upper bound on the maximal 
group velocity P7|) , as f 2 can in principle be very large 
and negative. While this may be true in principle, more 
realistically - in the flat space limit and in the absence of 
external forces - the flat space geodesic equation implies 
that dz^/dr = — (constant)' 1 , from which we con- 
clude that f 2 must be constant, such that the (maximal 
allowed) group velocity (|27[) acquires a constant correc- 
tion in flat spaces and in the absence of external forces. 
This type of corrections can play an important role in 
strongly curved space-times however, where strong grav- 
itational forces exist, which are expected to induce large 
changes in / 2 , and thus possibly superluminal propaga- 
tion. The change of causality structure discussed in this 
section deserves a deeper analysis, since it might have 
important consequences for the phy sics of structure for- 
mation in the early universe [ill. Il2j|. 



x 
pp 







(30b) 



one can easily read off the Hermitian connection coeffi- 
cients 



c 



zX 



d p C v 



(31) 



If one looks carefully at the Hermitian metric compatibil- 
ity equations (|3T)|) one can easily see that these equations 
imply vielbein compatibility; one can obtain the Hermi- 
tian connection coefficients by imposing vielbein compat- 
ibility in the following manner 



= V,e„ = 



V M e P = 



V A e P = 0. (32) 



Theories of Hermitian gravity, satisfying vielbein com- 
patibility, have been proposed [HI]. We shall see below 
that in such theories the geodesic equation is not ob- 
tained via an action principle. In an attempt to fix this 
problem we will weaken this vielbein compatibility con- 
dition and obtain different connection coefficients. 

Note that the two independent components of the Rie- 
mann tensor, 



V. THE EQUATIONS OF MOTION 

In order to write down the equations of motion for this 
Hermitian theory of gravity, one needs to know what the 
connection coefficients are. There are already connec- 
tion coefficients which are called Hermitian connection 
coefficients @. We will derive different connection co- 
efficients later, but in order to appreciate these newly 
obtained connection coefficients, we will consider the old 
ones first. 



JrC\ n 



xjiv - dfiXtx - 8^ (C^dvCxe) 



(33) 



Rip, = = 9* (c^d,c t - x ) 



contain only first order derivatives, when assuming the 
Hermitian metric to be a product of a holomorphic and 
anti-holomorphic vielbein Cp V = [z 1 ')r\ a \ 1 e h u [z 1 ') . This 
implies that if one would attempt to write a complex 
equation of motion, analogues to Einstein's equations, 
one would obtain a first order differential equation. This 
means that the space-time-momentum-energy curvature 
for this theory is non-dynamical. 



A. The Known Connection Coefficients 

One can derive the known Hermitian connection coeffi- 
cients easily if one requires metric compatibility of the 
Hermitian metric and the fact that the holomorphic co- 
variant derivative of an anti-holomorphic basis vector 
vanishes. The vanishing of he holomorphic covariant 
derivative of an anti-holomorphic basis vector is given 
by 



d 

l dz v 



0. 



(29) 



This implies that T(mixed indices) = 0, since the com- 
plex connection coefficients are usually defined as 



d 



_d_ 



0. 



B. The Hermitian Geodesic Equations 

The easiest way to derive the connection coefficients for 
Hermitian gravity is through varying the Hermitian line 
element. One then obtains the Hermitian geodesic equa- 
tions from which one can read off the connection coeffi- 
cients. Varying the Hermitian line element is a very easy 
exercise, when considering its eight dimensional form ([H]). 
One then obtains the eight dimensional complex geodesic 
equations 



0. 



(34) 



where the complex connection coefficients are given by 
^mn = 2^ (9 m C en + 9 n C me — d e C mn ). (35) 
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The Hermitian metric is defined such that the \m> compo- 
nent of C mn is C M p, with vanishing unmixed components. 
The Hermitian geodesic equations are then given by 



z" + T^Ph" + Y% v z»z v + T^zH" + T%z»z' 
z p + T^z" + T% v z»z v + Tl^z* + rfazH* 

where the connection coefficients are 



[IV 


1 - 

= -C Xp (d,C„x + 




T P 

[IV 


= hc*p{dp.c v% - 




t p_ 

1 [IV 


= \c Xp (d,c^ - 




T P_ 

1 [IV 


= \cP x (d 1l Cxu + 




T P_ 

1 [IV 






T P 

1 [IV 


= \c px {d v c Xfl - 




V- 

1 [IV 


= 0, r^ = 


= 0. 



(36) 



These connec tion coefficients ar c He rmitian^ in the fol- 
lowing sense, T p lC/ — and = r~ . In eight 
dimensional form the connection coefficients are symmet- 
ric, (T r mn ) = (T r nm ), just as the Levi-Civita symbols in 
general relativity. The wisdom of the eight dimensional 
notation becomes apparent now; for any known equation 
of general relativity one can sum over the barred and un- 
barred indices and plug in the just derived connection 
coefficients. If one plugs in the connection coefficients 
(|36|) into the Hermitian geodesic equations one obtains 

z p + \c? x {d ll C v - x + d v C- x ^z»+ 

C pX (d P C^- 8x0^)^ = 

and its Hermitian conjugate. One obtains precisely this 
result, when varying the particle action (with a mass to), 



to ds 



S 



with respect to the real one dimensional parameter 
proper time r, where ds represents the Hermitian line 
element (|T2|) . Note that the known Hermitian connec- 
tion coefficients pip cannot be derived from any varia- 
tion principle and therefore, in that sense, cannot have 
any physical meaning. 

From general relativity we know that the metric trans- 
forms as 



C^a + A e d e Cfj,p + A e dgCfj,j}. This should strengthen our 
belief in the connection coefficients (j3f)|) . Note that via 
this procedure we can only obtain the coefficients with 
mixed indices. The unmixed coefficients can be obtained 
from the variation of the particle action with respect to 
the real variable proper time, because this variable breaks 
homomorphy in the sense that it depends on both z M and 

Finally, since we can simply rotate any tensorial equa- 
tion from z^, z^ space to x M , space, it is useful to have 
expressions for the rotated connection coefficients, such 
that we can just plug these rotated coefficients into the 
rotated equations. Although the connection transforms 
by definition as a connection, it clearly transforms as a 
(1,2) tensor under these rotations. This is the case, be- 
cause these rotations are just constant transformations. 
Hence we can just replace the complex metric, C mn , by 
the rotated metric, g mn , in the expression of the eight 
dimensional connection (f3T)|) [l4j . We state two compo- 
nents of the rotated connection coefficients 

r ^ = \g P "( d v9ev + d v g^ - d t g au ) 
+~.B'*(0 / xB a , + d v B& - dtg^) 

1%, = \g pe {d^u + d v B& - e B A „) 
+^B'*(di l B ev + d vgia - dtBftv). 



C. Torsion and Curvature 

The Hermitian torsion 6 tensor T and the Riemann ten- 
sor R are defined as 

T(Z, W) = V Z W - V W Z - [Z, W] 
R(Z, W)V = VzVwV - VwV z V - V [z>w] . 

The covariant derivative acting on a basis vector yields 



a 

'~dz r 



a 

~dz~ e 



Note that the \xv component of the covariant derivative 
acting on the basis vector is this time non-vanishing, un- 
like the pa) component of the covariant derivative act- 
ing on the basis vector (|2T))) . using the known coefficients 
([3"Tj) . We can now write the expressions for the compo- 
nents of the Hermitian torsion tensor 



A) 



I 



pi _ p 

ran nra 



V m A„ + V n A„ 



One can check that for example the [iT> component of this 
equation with the connection coefficients (|36p plugged 
in corresponds indeed to the transformation of the Her- 
mitian metric C^p, where z^ — > + A M and C M p — > 



In this article we define dynamical torsion to be a second or- 
der differential equations constraining the anti-symmetric part 
of the metric l|19| l. This has in principle nothing to do with the 
vanishing or nonvanishing of the torsion tensor. 
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and the Hermitian Riemami tensor 



Rl 



= d,ri 



dnTf, 



■pis -r~\a r\s |-ia 

la nm na Imi 



with the connection coefficients plugged in. Hence 
the Hermitian Riemann tensor is Hermitian in the follow- 
ing sense i?^„ = R^ T '. Therefore the Hermitian Ricci 
scalar is real, R = R. 



D. Action principle for Hermitian gravity 



The action for Hermitian gravity can be formulated as, 



S[C, ^] = S hg [C] + S C [C] + S M [C, 



(37) 



where the pure gravity action is the following generaliza- 
tion of the Hilbcrt-Einstcin action, 

where R = C mn R mn denotes the Ricci scalar, A cosmo- 
logical constant and C mn denotes the full complex metric 
tensor ([7])- For the reasons explained below, we impose 
the reciprocity symmetry only at the level of equations 
of motion (on-shell), which at the level of the action can 
be realized by a constraint. This of course means that 
physical quantities still respect the reciprocity symmetry. 
There is no unique way of imposing the reciprocity sym- 
metry on the metric tensor. One reasonable choice is the 
following 'particle' action, 

S C [C] = -MJ XxiC^dz^dz" + Cjxpdz^dz*) (38) 



+ \ 2 (C^dz»dz i} + C Jiu dz ii dz v ) 



1/2 



where M is a (mass) parameter and Ai, A2 are Lagrange 
multipliers which break the symmetry between the holo- 
morphic and Hermitian components of the complex met- 
ric 0. Taking, for example, Ai = A and A2 = 1, imposes 
C^u = = C^p and thus on-shell Hermiticity of the 
metric. Conversely, when Ai = 1 and A2 = A imposes 
C^v = = Cfiu, implying on-shell holomorphy of the 



metric tensor. The constraint action (|38p does not break 
holomorphy of the full theory (|37[) realized at the level of 
tetrads. 

Just like the gravitational action, which obeys holo- 
morphy at the level of vielbeins, we shall require that 
the matter action in (|37[) consists of holomorphic mat- 
ter fields. Namely, holomorphy reduces the large number 
of degrees of freedom of the full eight dimensional the- 
ory to an acceptable number of degrees of freedom of an 
effectively four dimensional theory, as observationally re- 
quired. For simplicity here we consider a matter action 
for scalar fields, which we use extensively below when we 
study cosmology. We consider two holomorphic scalar 



fields 4> an d ip, one with Hermitian and one with holo- 
morphic kinetic term, with the action: 



s M [<t>,ilA = 



d 8 ; 



cc, 



(39) 



where the lagrangian density is given by 



where 



$1 ' 



(40) 



is a 
2 



where a and are constants and where V — V($>, \& 
potential. Note that $t . $ = 2^ and \I/ T • * = ijj 2 + ip 
The constants a and j3 can be absorbed in the fields cf> 
and ip by the appropriate field redefinitions, except for 
the sign of a, which is an invariant and thus can have 
physical relevance. For simplicity, we have assumed in 
Eq. (f3"9"|) that the scalar fields do not couple to the Ricci 
scalar. 

Varying the action Q37p results in the Hermitian 
Einstein-Hilbert equations of motion 



G mn + AC mn — 8irG NT mn 



(41) 



where the second line equation is obtained by choosing 
Ai = A, A2 = 1 and varying the action (f3"B")) with respect 
to A. As usual the following definitions hold for the Ein- 
stein tensor G mn and the stress energy tensor T mn : 



G,, 



Rn 



1 



D s-irnn r* 

IX O JXn 



2 ss 



A I 



c sc- 



(42) 



This formulation of the theory guarantees the (con- 
tracted) Bianchi identity, which in the eight dimensional 
form reads, 

V m G mn = 0. 

The proof is analogous to that in general relativity. As a 
consequence, the stress energy must be covariantly con- 
served, V m T„ m = 0, just as desired. Note that imposing 
the reciprocity symmetry on the action (|37|) (off-shell) 
would result in an over-constrained on-shell dynamics 
which would fail to satisfy the Bianchi identity (I43|) . 
We consider that as unacceptable, since that would im- 
ply nonconservation of the stress energy tensor, implying 
that energy would leak from our four dimensional space- 
time hypersurface into the energy- momentum directions. 

The stress energy tensor corresponding to the scalar 
field action (|4"0|) is just, 

T mn = a{d m ^ ■ + (3{d m ^f ■ + C mn C , (43) 
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where we used SVC = -±VCC mn SC mn . 

When written in the four dimensional notation, 
Eqs. (|¥Tj) reduce to, 



(44a) 
(44b) 



plus the corresponding Hermitian conjugate equations, 
where C^ v = and G M p = — \CpyR. We also have, 

Rfiiy — R^av + R%av an d ~ jjj jqg + R-^iav- Note 

that the holomorphic equation (|44ap does not admit a 
cosmological term A. Indeed, A is removed from (|44a[) 
by the on-shcll reciprocity symmetry. 



E. Metric Compatibility 

When working in the first order formalism [l4l |. in addi- 
tion to Eqs. (141(1 one also obtains the metric compatibility 
equations, 

V m C nr = 0. (45) 
We list two components in four dimensional notation 

V P C MP = , V P C^ = 0. (46) 



One can check that the connection coefficients (|36|) are 
consistent with the metric compatibility condition (j46|) : 
since Cp V = and = 0, we obtain that VpC^ 
. The mixed components 7 of the metric compatibility 
condition 

V7 n _ _ pi n pe n n_ 

v p^fiis — u p^ pv x pp^ev x pi/^e/i 

vanish as well 

dpC^ — —(dpCfj,i) + d^Cpv) — —{dpCpi} — <9pCpp) = 0. 

On the other hand, writing the Hermitian metric com- 
ponent in terms of vielbeins and using the Leibnitz rule 
for the covariant derivative, one can show that the con- 
nection coefficients (|36[) do not imply the vielbein com- 
patibility (f3"2")l discussed above. Indeed, writing Eq. (|4*6"|) 
as 

V p (e M )e p + CpVpCy = 0, 

implies that V p e p = —e^Tpu — e e T p9 ^ is not zero for 
instance. 



7 In order to show that VpCj;„ = 0, one needs to realize that 
C^CW = fig + 8% = C l ^C„ e , since the Hermitian metric is 
nonsymmetric (it is Hermitian). The action of on the metric, 
PvCp,a = C V fi, can be derived by inserting the identity in the 
Hermitian line element \Y1\ . 



VI. COUNTING DEGREES OF FREEDOM 

In order to get a glimpse of the general structure of Her- 
mitian gravity, it might be educational to determine some 
properties of relevant objects, which are part of the the- 
ory. If we would like to know for instance, if we can 
always go to a freely falling frame, we can begin with 
counting the degrees of freedom of an arbitrary coordi- 
nate transformation of the metric tensor, in order to see 
if there are enough coordinate degrees of freedom in or- 
der to do so. If we then Taylor expand both sides of the 
coordinate transformation of the metric tensor 



dz & dz@ 
oz^ oz u 



(47) 



we can collect terms of a specific order of the expansion 
of both sides of the equation and equate these terms. 
We are Taylor expanding both sides of the coordinate 
transformation of the Hermitian metric (|48p around a 
point p on the (smooth) manifold. 

When considering the zeroth order terms of the expan- 
sion, 



dz & dz? 



dz^ d 



(48) 



we have 16 degrees of freedom at the left hand side of the 
equation, since the metric is Hermitian. The formula for 
the real degrees of freedom of a Hermitian matrix is d 2 , 
where d is the complex dimension of the manifold, which 
is 4 in this case. On the right hand side of the equa- 
tion, there are 32 real degrees of freedom to transform 
to the flat space metric (there are 32 degrees of freedom 
instead of 64, because the coordinate transformations are 
holomorphic, implying they satisfy the Cauchy-Riemann 
equations). Subtracting the two, we obtain 32 — 16 = 16 
degrees of freedom, which leave the flat space metric in- 
variant. These 16 degrees of freedom are precisely the 16 
degrees of freedom of the U(l, 3) group, which by defini- 
tion leave the Hermitian flat space metric invariant. 

Considering the following terms at first order of the 
expansion of the coordinate transformation (|48|) 



d R C, 



mn \p 



Q 2 z a g z b 

dz e dz m dz n 



Cat 



we count 64 real degrees of freedom on the left hand side 
and 80 on the right. We obtain the 64 real dimension in 
the following manner. The complex number of degrees of 
freedom for a Hermitian matrix is \d? , where d is again 
the complex dimension of the manifold, which is, as said 
before, 4 in this case. The complex dimension of the par- 
tial derivative is d. When multiplying these numbers we 
obtain 32 complex degrees of freedom, which is equivalent 
to 64 real degrees of freedom. The 80 degrees of freedom 
from the first factor of the term on the right hand side 
are obtained as follows. The numerator has d complex 
degrees of freedom. The denominator has ^d(d + 1) com- 
plex degrees of freedom, which is just the formula of a 
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symmetric matrix, since partial derivatives commute. By 
multiplying these numbers together we obtain 4- 10 = 40, 
complex degrees of freedom, which is equivalent to 80 real 
degrees of freedom. When subtracting these numbers we 
obtain 80 — 64 = 16 real degrees of freedom. This means 
that we have 16 degrees of freedom too many in order to 
transform to the free falling frame. 

Finally, considering the following two terms at second 
order of the expansion of the coordinate transformation 
of the Hermitian metric ([48]) 

- - - d 3 z a dz b 

d e dfC mn \ p + ■■■= dZ e di f dSmdi n C ^ p + ' " ' , 

we have 160 real degrees of freedom at the left hand 
side and 160 on the right. We obtain the 160 real de- 
grees of freedom on the left hand side as follows. The 
complex degrees of freedom of the partial derivatives is 
^d(d + 1) and the complex degrees of freedom of the met- 
ric is again \d 2 . Multiplying these numbers together we 
obtain 10 * 8 = 80 complex degrees of freedom, which is 
equivalent to 160 real degrees of freedom. The 160 real 
degrees of freedom on the right hand side are obtained as 
follows. The numerator has again dimension d. The de- 
nominator has dimension ^d(d + l)(rf + 2). Multiplying 
these numbers together we obtain 4 * 20 = 80 complex 
degrees of freedom, which is again equivalent to 160 real 
degrees of freedom. When subtracting these two num- 
bers we obtain 160 — 160 = degrees of freedom. This 
means that we have precisely enough degrees of freedom 
in order to obtain flat space at second order of the ex- 
pansion. Hence there is no space-time-momentum-energy 
curvature in the theory of Hermitian gravity. This might 
appear as problematic since general relativity does con- 
tain space-time curvature, which we cannot get rid off 
by coordinate transformations. We shall see below that 
in the limit of projecting space-time-momentum-energy 
onto space-time we will obtain space-time curvature as 
an artifact of the limiting procedure. 

Hermitian gravity is dynamical in the sense that there 
are second order derivatives, acting upon the dynamical 
variable, the vielbein or the metric. Consider the follow- 
ing independent components of the Hermitian Riemann 
tensor, 

R^ u = C^dxd^C^g + first order derivatives, (49) 

and its Hermitian conjugate. Unlike the components of 
the Riemann tensor (|33|) . constructed from the known 
complex connection coefficients (|31[) . we do have non- 
vanishing components of the Riemann tensor, which do 
contain second order derivatives. These components do 
enter the Hermitian Einstein equations (|44b|) . although 
CV„ = 0. These components of the Hermitian Einstein 
tensor act as constraints, such that we remain on the 
hypersurface, which specified by the reciprocity transfor- 
mation. 



VII. THE LIMIT TO GENERAL RELATIVITY 

The limit of Hermitian gravity to the theory of general 
relativity is based on the assumption that the y coor- 
dinate and its corresponding vielbein are small. When 
expanding these theories in powers of y and its corre- 
sponding vielbein, we would hope to obtain the theory 
of general relativity at zeroth order of the expansion and 
meaningful corrections to the theory at linear order. We 
will see that this is not the case, since we will obtain cor- 
rections to general relativity at zeroth order. The easiest 
way to obtain the limit to general relativity is to expand 
the real and the imaginary parts of the vielbein in terms 
of the y coordinate in order to collect the terms in orders 
of the y coordinate and its corresponding vielbein, e/^, 
yielding 

ei? M 0,2/) = e RfJ/ (x) - y x d\e Ifl + 0(y 2 ) (50a) 
= e Rfi (x)+0'(y 2 ) 

and 

eijxix, y) = e Ifl {x) + y x d x e Rf ,(x) + 0(y 2 ). (50b) 

These expansions contain sufficient information in order 
to obtain the limit to general relativity. We will, how- 
ever, also expand the rotated metric components and a 
component of the rotated connection coefficients. Using 
the expansions of the real and imaginary parts of the viel- 
beins (|50|) . the rotated metric components up to second 
order of the y coordinate and its corresponding vielbein 
are 

9ij,v{x,y) = g^(x) + 0(y 2 ), 

9np{x,y) = g^(x) + y x (d A (e M )e„ - e^Ac) + 0(y 2 ), 

gjxu{x,y) = gp.u{x) + y X (e^dxe„ - dA(e M )e„) + 0(y 2 ), 
and 

9p,»(x, y) = gjXv{x) + 0(y 2 ), 

where g^u{x) = gfrj>{x) = e IM e u (x) and where gp,v{x) and 
9np(x) can be just read off the expression of the rotated 
Hermitian metric in terms of vielbeins. Using again the 
expansions of the real and imaginary parts of the viel- 
beins (|5"U)) . the TP(x,y) component of the connection 
coefficients (|56f up to second order of the y coordinate 
and its corresponding vielbein is 

r^(x,2/) = r^(x) + 0(y 2 ), 

where r£„(x) is just the ordinary Levi-Civita connection. 
With the expansions of the connection coefficients, we 
can now check if the theory of Hermitian gravity reduces 
to the theory of general relativity by plugging them into 
the rotated Hermitian geodesic equation, keeping only 
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terms of linear order in the y coordinate and its corre- 
sponding vielbein, yielding the ordinary geodesic equa- 
tion 

x p + T P iV {x)x p x v + 0{y 2 ) = 

without any first order corrections present. Though the 
result is not spectacular at first sight, it should be pleas- 
ing that the theory of Hermitian gravity reduces to the 
well tested theory of general relativity, for the Hermitian 
geodesic equation. In order to see if the theory predicts 
any interesting new physics we have to collect terms up 
to second order, yielding 

xP + r^(x 1 y)x p x" + lr^(x 1 y)+r^(x,yWx» 
+ T^(x,y)rf + O(y 3 ) = 0, 

where the connection coefficients T p ^(x, y), T p ^(x, y) and 
are just the connection coefficients expanded up to 
linear order [3], but where the connection coefficient 
T^ix^y) has to be expanded up to second order since 
the term x^x", multiplying V (x,y), is of zeroth order 
in the y coordinate and its corresponding vielbein. 

The Hermitian Einstein's equations get corrections to 
the Einstein's equations of general relativity at zeroth 
order. This can be seen when considering the rotated 
Hermitian Ricci tensor 

R»u = R + R = + Rc °* ■ + °(y 2 )' 

where R GR is the Ricci tensor according to general rel- 
ativity and where i? cor are the terms of R Xv of zeroth 
order in the expansion in the y p coordinate. Similarly 
the rotated Hermitian Einstein tensor 



G pit G ^ v -\- R c 



1 



g^g aP R 



A 

' ,r qA/3 



-^9 &0 (Rcor\ X p + Rcor\ x$ )} + 0{ V % 

gets corrections of zeroth order in the expansion in the 
yi 1 coordinate. Hence, at this point one needs to look at 
the solutions of Hermitian gravity in order to see if the 
theory contradicts experiment or not. 



VIII. HERMITIAN COSMOLOGY 



where the complex scale factor can be specified in terms 
of its real and imaginary parts 

a(z°) = a R {z°) + i ai {z°) a(z°) = a R {z°) - w/(z 5 ). 

Note that z° = t + i^fE. The Ansatz {STJ yields 
a cosmology with flat spatial sections, which suffices 
for our purpose. 8 With this Ansatz for the vielbein, 
the connection coefficients become holomorphic (or anti- 
holomorphic) functions. Consider for example the follow- 
ing two connection coefficients 

la/_ 
2 a 

1%, = --($52 -»/%*). 

These expressions for the connection coefficients can then 
be used to obtain the components of the Hermitian Ricci 
tensor. The expression for the mixed components of the 
Ricci tensor is then 



= ~(s p s° a + s°j p ) (52) 



Rl 



a' a' 
da 



1 



where d is again the complex dimension of the manifold. 
Taking d to be four, we obtain the following expressions 
for the independent mixed components of the Hermitian 
Ricci tensor 9 



Roo = —-■ 



3oV 



Ri, = 3- 



2 aa 

and the following expression for the Hermitian Ricci 
scalar 

R = C PV Rn u + C pl ' Rnv = 21 „ . 

{aa) z 

The nonzero unmixed components are then 

2 



Rooiz 



0\ 



and its complex conjugate. The independent components 
of the Hermitian Einstein tensor then become 



Gnn = 9- 



Ga — — - 



15 aV 



da 



(53) 



In order to describe our Universe correctly, which is 
isotropic and homogeneous on large scales, our complex 
theory should permit solutions that possess the sym- 
metries of isotropy and homogeneity and furthermore 
these solutions should correctly reduce to the Friedmann- 
Lemaitre-Robertson- Walker (FLRW) cosmology at low 
energies. Since the vielbeins of our theory are holomor- 
phic functions, we can demand spatial isotropy and ho- 
mogeneity by implementing a scale factor that is a holo- 
morphic function of the time-like coordinate only, 

el = a(z°)S; el = a(z 5 )^ , (51) 



To generalist the Ansatz H5U to space-times with a constant spa- 
tial curvature, one would have to replace a(z )5J in Eq. I|51| l by 
the corresponding vielbein whose spatial indices describe the ge- 
ometry of a static 3-sphere (3-hyperboloid) for a space with posi- 
tively (negatively) curved spatial sections. Thus for a space- time 
with positively curved spatial sections (n > 0) we have, e M = 
a(z°)[S° + 5* + (lyVS) sin(v^x)^ + (Vv^) sin(v^ x ) S in(0)<S£], 
where \ 6 [0,it/^/k], 9 £ [0, 7r] and ip e [0, 2n) are the spher- 
ical coordinates on 5 3 . For a space with a negative curva- 
ture (k < 0) the tetrad e M is obtained from the tetrad of 
the closed universe with the replacement, sin( v / Kx) — * 

(l/v 7 — k) sinh(v / — kx)> where now \ S [0, oo). 
Here the Latin indices i and j take values 1, 2, 3. 
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and their complex conjugates. If we now make use of 
the connection coefficients (I5"2"j) we can easily check that 
the Einstein tensor of Hermitian gravity (|53|) obeys the 
Bianchi identity (|43[) . implying that the Einstein tensor 
is divergenceless, as it should be. This represents a non- 
trivial check of the accuracy of our calculation. 

Consider now the matter action. For definiteness (and 
simplicity) we shall consider the two scalar field ac- 
tion (f3"5)) . Since in standard general relativity one can 
obtain any desired expansion a = a(t) by appropriately 
choosing the scalar field potential, we expect that the ac- 
tion (|39p does not pose any important restrictions to the 
Hermitian cosmology. 

The underlying symmetries of a (flat) FLRW cosmol- 
ogy together with holomorphy then imply that the scalar 
fields are of the form, <\> — <j>(z°) and ip = ip(z°). With 
this observation we get that the nonvanishing compo- 
nents of the stress energy tensor (|4"3"|) are, 



(54) 



plus the Hermitian conjugates. Here we used <f>' = 
{d/dz°)(j> and </>' = (d/dz°)(j>. The nonvanishing com- 
ponents in (|54|) are, 



T q = aaV Tq = 5^ (acftcj) 1 — aaV) Too = /3^' 2 . (55) 

When combined with Eqs. (|53|) these yield the following 
equations for Hermitian cosmology (|44al I44b|) . 

Goo = l(^) ~ 3 (v) = 87rG ^^' 2 ( 56a ) 

G o0 + GooA = 9^- - aaA = ^G N aaV (56b) 
aa 

-^( % + C i3 A)^- y — +aaA 
= 8nG N (a<l>'<f>' - aaV) , (56c) 
which together with the scalar field equations of motion, 



3a—s6'-dzV = 



aa* 



-W^^'-d^V = 



(57) 



represent the closed system of equations of Hermitian cos- 
mology with scalar fields. These equations are obtained 
by varying the matter action ([39f with respect to c6 and 
tjj, respectively. The scalar equations of motion (|57p can 
be can be also obtained from the covariant stress-energy 
conservation. Inspired by the form of stress-energy in 
FLRW spaces, T^ v = a 2 8®8®(p + p) + pg^ v , the appro- 
priate Hermitian gravity generalization is of the form, 

T» v = (p h + Ph )a 2 6°6 u ° 

7> = a 2 8°5~°(p + p)+pC^. (58) 



Comparing this with Eqs. (|55| then implies 

p=V p = a(t>4> -V p h + p h = (3ip 2 



(59) 



where (l/a)<j)' — </> and (l/a)ip' = ip. While the pressure 
has a standard form, note that the kinetic term does not 
contribute to the energy density of Hermitian gravity. 10 
The stress energy conservation V m T mn = then implies, 



p + 3H( Ph +p h )+3H(p + p) = 



(60) 



and the complex conjugate equation, where p = (l/a)dop 
and where H = a'/a 2 = a/a and H — a'/a 2 — a/a. 
This together with Eqs. (|59|) implies the scalar field equa- 
tions (|5"T)) . which checks the consistency of our formula- 
tion of Hermitian gravity with scalar fields. 

Next, it is convenient to divide equation (|56a[) by 
a 2 and Eqs. (|56bll56c|) by eta, respectively. Combining 
Eqs. (|56b[) and (|56c[) results in the constraint equations, 



HH = 



8ttG 



N 



(v + x), 



A = 



A 



8ttG 



N 



Equation (|56aP can be recast as, 



H--H 2 
2 



(61a) 
(61b) 



(61c) 



With a help of Eq. (|61a[) , the scalar equations |57|) be- 
come, 



if, 



3H d^V 
%TtG N aV + A 

~%t:G n (3V + A 



(61d) 
(61e) 



Equations (|61aH61e]) (and their hermitean conjugates) 
are the fundamental equations of hermitean cosmology. 
Note that there are 5 (2 real and 3 complex) equations 
for 3 complex quantities H, (f> and tp, so the system is 
overdetermined, and there is no guarantee that a solu- 
tion exists. 

We shall now show that a solution exists, and moreover 
we shall explicitly construct a class of solutions that gives 
rise to a power law expansion of the scale factor a = 
a(z°). 

Firstly, Eq. (161aj) implies that V — V and A = A are 
real. Secondly, Eq. (|61d[) and its complex conjugate im- 
ply that dx In (V + A) is a holomorphic functions of <fi 
and that d^, In (V + A) is an antiholomorphic function of 
<t>. Consequently the potential is determined to be of the 
form, 



\n(V + A) = Ai<t> + A 2 (f> + A 3 , 



(62) 



10 One would arrive at a more standard expression for the scalar 
energy density if one would replace p — > (p — p)/2 in Eq. 1581 . 
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where A±, A2 and A3 are complex constants independent 
on (still possibly dependent on ij) and 0). The reality 
of V and A then implies that A\ = A2 = £1. Writing A3 
as A 3 = ln(W) we have, 



V 



-\ + Wexp [fl( 



(63) 



Finally, since V is real, W and f2 must be real functions 
of tp and ip. Holomorphy is such a powerful symmetry 
that - even though Eq. (|63|) represents the most general 
solution to Eqs. (|61d[) and its complex conjugate - the 
potentials V for is, up to two 'constants' W and O, 
completely fixed. 

Now multiplying Eq. (|61d[) with its complex conjugate, 
making use of Eq. (|61a| and inserting the resulting equa- 
tion into (|61bj) . we obtain, 



3 



= In (V + A)d In (V + A) = fl 2 



(64) 



implying that there are two allowed values for fi, 



Let us now consider the case when e = const. In this case 
Eq. (j6"5|) can be easily solved for w(ip) in terms of e, 



w = Wq exp 



H) 



(69) 



where wq is a field independent constant. The potential 
V that yields a power law expansion is therefore given by 



V 



A 



SttG 



N 



Vbexp [± ui((j) + (/>)] x 



(70) 



x exp 



where Vq = wqWq is a (real) constant and to = 
-J 'AttG NCt/i- Note that nonvanishing Im[e] breaks the 
charge-parity (CP) symmetry of the ip field, as can be 
seen from the potential ([70]) . However, CPT is conserved. 
We will discuss below how Im[e] breaks time reversal sym- 
metry, T. Recall that a power law expansion means 



n+ = ±uj = ± 



AttGnoi 



(65) 



fixing thus completely (up to a sign) . (This sign ambi- 
guity reflects the symmetry of the theory (j39|) under the 
transformation, cj) — > —0, (j> — > —0.) With this Eq. (|61d|) 
becomes 



1 d 1 t \ 
2udt ' 



which is solved by 



a = age 



(66) 



(0o is unphysical as it can be absorbed in the definition 
of clq.) This means that is not an independent field, 
but a constrained field which is just a reparametrization 
of the scale factor a. This is not surprising, given the 
fact that solves the constraint equations of Hermitian 
gravity. 



The remaining equations to be solved are (|61cp 
and (|61e[) . and the remaining freedom in the potential 
is in W = W(ip, xjj). Similarly as above, we can see from 
Eq. (HH]) that hx{V + A) = ln(W) must be a holo- 
morphic function of ip. We conclude that W must be 
a product of a holomorphic function of ijj and an anti- 
holomorphic function of ip (and they must be mutually 
equal) , 



(67) 



With this observation, making use of (|61e|) . Eq. 1 < • ) can 

be recast as, 



H 



8ttG n (3 



e = — (1 + Wf) = const. 



(71) 



where Wf = p/p is the (complex) equation of state pa- 
rameter of a 'cosmological fluid' with a 'pressure' p and 
an 'energy density' p. Since e — (d/dt)(l/H), a constant 
epsilon implies a power law expansion with, 



H = — ■ 



a(z°) = a (-) , (72) 



where ao and £0 are (complex) constants. In standard 
cosmology, e = 3/2 (e = 2) correspond to matter (radi- 
ation) era, while < e -C 1 corresponds to a slow roll 
inflation. 

From Eqs. |61dl - [6Te|) and (JTOj we find, 



H 

2u 



4> 



H 

2^V (3 



r(2e-l). 



such that in a Universe expanding as a power law the two 
fields are not independent, 



^-Vo = ± A /^(2e-l)(0-0o)- 



(73) 



When this is inserted into Eq. (|66|) we immediately get 



a = ao exp 



ll6irG N f3 
3(2e- 1) 



(74) 



This means that - just like - in a power law expansion 
ip corresponds to an e-dependent reparametrization of the 
scale factor of the Universe. Note that e = 1/2 is a sin- 
gular point of the relation (|74[) . This is not unexpected, 
since from Eq. (|61c[) we know that e = 1/2 corresponds 
to the case when = and hence also W = 0, such that 
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a is given by (|66|) and does not dependent on ip (in fact 
in this case ip does not even exist). 

More general cosmologies, with e in Eq. (|68|) being a 
function of z° are possible, provided one chooses w(ip) 
in Eq. (|67[) of a more general (non-exponential) form. 
In these more general cosmologies no simple relation be- 
tween ip and a exists such that Eq. (|74p must be suitably 
generalized. 

Let us have a more careful look at the power law solu- 
tion (f72|) . Recall that in the physical space an observer 
sees the expansion rate TL that can be obtained from the 
rotated Hermitian Einstein tensor Ga (1551) as follows, 



■hst( ^ 

45 V aa 



HH . 



from which we conclude (see Eq. I|72p) 

1 



n = 



t\y/t* + (G N E/c*y 



(75) 



Note that at late times t 2 ^> Gn\E\/c 4 the expansion 
rate approaches that of general relativity, 



(t -» oo) , 



(76) 



with £gr given by |e| of Hermitian gravity. In contrast 
to general relativity at early times \t\ < Gm\E\/c the 
expansion rate does not diverge. Instead, it reaches a 
maximal value at t = given by 



11 



\e\G N \E 



(t - 0) , 



(77) 



which is nonsingular as long as E ^ (below we discuss 
the physical relevance of the singularity at t = = E) . 
This behavior of TL corresponds to a bouncing cosmology. 
Indeed, since the expansion rate is symmetric under time 
reversal, t — > — t, for t < the Universe passes through 
a contracting phase, followed by a mirror symmetric ex- 
panding phase for t > 0. The time dependence of H 
on time t (on an E = const, hypersurface) is shown in 
figure ([3]). For completeness we now consider the scale 
factor of Hermitian cosmology. The observed scale fac- 
tor A corresponds to the rotated metric tensor (fT7l - [T8|) . 
g^ v = A 2 (x,y)r] tiu = Re[C M p]. This then implies, 



A = 



x exp 




(iA)b 



sign(i) 



(78) 



where we chose Co = lCo| (the phase arg(Co) can be ab- 
sorbed in Ao), (l/e) fl = Re[e]/|e| 2 , (l/e)j = -Im[e]/|e| 2 , 
and we chose the Riemann sheet of a — a(z°) such that 
A is continuous at t = 0, as required by the equations of 



H(0) 



FIG. 3: The observed expansion rate as a function of time. 
When moving backwards in time, the expansion rate of the 
Hermitian Hubble parameter Hhci reaches a maximal value 
at t — 0, whereas the Hubble parameter of general relativity 
Hgr becomes infinite in finite time. 




FIG. 4: The observed scale factor as a function of time. The 
expansion rate reaches a minimal value at t = 0. Nonzero 
Im[e] breaks time reversal symmetry, T. 



motion for a. The observed scale factor reaches a min- 
imum at t = and expands symmetrically under time 
reversal, for Im[e] = 0. Nonvanishing Im[e], however, vi- 
olates charge-parity (CP) symmetry of the ip field, as can 
be seen from the potential ([70]) . Since CPT is conserved, 
T must also be violated. A manifestation of this T viola- 
tion can be seen in figure [H in which we can see that the 
contracting phase is not a mirror image of the expanding 
phase. The sign of Im[e] determines the direction of the 
tilt in the scale factor function. Note that Tt cannot be 
obtained from A as (dtA)/ A. 11 This should not surprise 



11 Indeed, integrating H would result in the scale factor propor- 
tional to 



vhich differs from Eq. <78t 



+ 1 
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us, given the fact that in Hermitian gravity a derivative 
of a projected quantity onto a space-time hypersurface 
is not in general equal to the projected derivative of the 
same quantity. Mathematically, the difference arises be- 
cause the projection procedure must be made consistent 
with the Cauchy-Riemann equations. 

At late times t > |Gjv-E/c 4 | the solution (J7SJ) ap- 
proaches a power law expansion of general relativity, 



A 



A 



t 



(iA)r 



Aq = Ao exp 



tt / 1 
2 Ve/i 



(79) 



From this we see that at late times it is difficult to dis- 
tinguish the standard FLRW cosmology and Hermitian 
cosmology. Indeed, the only difference is in the size of the 
Universe: when (l/e)j = -Im[e]/|e| 2 > ((1/e)/ < 0) 
the Universe of Hermitian cosmology appears greater 
(smaller) than the FLRW Universe with e <-> [(1/e) a] -1 . 
Since the absolute value of the scale factor cannot be ob- 
served (only ratios are observable), this difference cannot 
be used to distinguish between the standard and Hermi- 
tian cosmologies. If we had any information about the 
size of the early Universe, we could make the desired dis- 
tinction. 

One the other hand, at early times (when t and 
GnE/c 4 are comparable), the two cosmologies differ 
quite dramatically. Consider first the Universe which ex- 
pands such that E — const. In this case Eq. ([75]) repre- 
sents a bouncing universe with a minimal size given by, 



Ar\ 



A(t = Q) = A a 



G N \E\ 
c 4 ICo| 



(iA)fl 



(80) 



The Universe behaves regularly 'everywhere' provided 
the cosmological singularity at E — » 0,i — * is never 
reached. 



A. Cosmological singularity 

In order to find out how accessible the singular point 
of Eqs. ([75]) and ([78]) actually is, we consider a freely 
falling observer, which falls 'backwards in time' towards 
the singularity. In order to study how velocities and en- 
ergy change in an expanding universe, we need to solve 
the corresponding geodesic equations. 

Let us begin with general relativity. We are working 
in a spatially flat FLRW space. In conformal coordinates 
the Levi-Civita connection is of the form, 



This implies the following geodesic equation and line el- 
ement (for a massive observer), 



(XT a V o z 



Va^c u c = ™, ( 81 ) 

a z 



where r is the proper time observed by a freely falling 
observer (in the frame in which all 3-velocities vanish): 
(ds) 2 = — (dr) 2 , and = dx^/dr is the 4- velocity in 



conformal coordinates 



(77, x l c ) (here we take c = 1) 



The spatial equation ([81]) is easily solved 
d(a 2 ui) n 



dr) 



(82) 



where we made use of the definition of conformal time, 
vP c dr = drj. This means that in an expanding uni- 
verse, u l c oc 1/a 2 , such that the physical momentum, 



scales as p l p oc 1/a, where m is observer's 



mass. The time component of Eq. ([8~Tj) implies, 



d 

dr) 



; (« 2 (< 



0\2 



- 1 



= 0. 



(83) 



which is consistent with the line element in Eq. |8T|) and 
with Eq. ([82]). Eqs. {HTJ and ([82]) can be also used to 
determine the scaling of the physical energy, E p = p® = 
,0. 



man' 



El 



iP l v f 



m 



(84) 



from where it follows, E 2 
concluded from Eq. ([53]) ). 



m 2 oc 1/a 2 (this can be also 



Let us now consider Hermitian gravity. The relevant con- 
nection coefficients are given in Eqs. ([52]) . such that the 
corresponding geodesic equation ([M]) and the line ele- 
ment (TT21) are then, 



~dV 



a 
a 



a ' ( 
a V 



Va0 U c u c 



if — 

aa 

1 

aa 



= 



(85) 



where again r is a real affine parameter defined as the 
proper 'time' of a freely falling observer (in the frame 
in which all 3-velocities vanish and E = 0): (ds) 2 = 
— 2(dr) 2 , and — dz^/dr is the complex proper 4- 
velocity in conformal coordinates z£ = (z®,z l c ). Notice 
that from the definition dz®/dr = u®, it follows that the 
second term in Eq. ([85]) can be absorbed by a simple 
rescaling of u^, such that it simplifies to 



dr 



H 



((au°)(a<j+ 77 



Q 



= -1, (86) 



where H = a' /a 2 = a/ a, dz° — adz and a — 
(1/ a)da/ dz°. When split into components Eq. ([86]) 
yields, 



du° 

~dT 

du % 



+ H (u 5 u° - 1) = 
+ iiwV = , 



u°u° - u l u l 



(87a) 
(87b) 
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where we defined the complex 'physical' 4- velocities u p 



it and 



The corresponding complex con- 



jugate equations must also hold. The temporal equa- 
tion (|87a[) and its complex conjugate can be combined to 



give, 



dr 



In (• 



,o„,o 



■(Hi 



Hu u 



d\n(aa) 
dr 



The last equality follows from Hu° = dln(a)/dr and 
Hu° = dln(a)/dr. This can be straightforwardly inte- 
grated from To to r resulting in the scaling, 



u u m u - 1 



(aa)o 



(u°u°) - 1 aa (uV) 



(89) 



where the last equality follows from the constraint 
in Eq. (|87a|) . or equivalently from Eq. (|87b|) . In 
Eq. (|89|) = it^r), a = a(r) and we have defined 
(u°vP) = u°(t )vP(t ), = u 1 (to)u j (t ) and 

(aa)o = a(ro)a(ro). Analogously to general relativity 
the spatial components of particles' physical (complex) 
velocities scale as, 



Next we recall that 



q dz q dz 

dr ' rfr 

and we define a radial and angular (time-like) coordi- 
nates, 

Now, by making use of the definition u° — (d/dr)(re ) 
one immediately arrives at the identity, 

£=lf 2 + V(r,e)=0, V =~-\u°u\ (91) 



where we defined an 'angular momentum' 



L = r 2 9. 



(92) 



This angular momentum (or more precisely the angular 
velocity tog — 9) characterizes the rate of mixing between 
the time and energy coordinates in Hermitian gravity. 
Equation (|9ip represents the conserved 'energy density' 
of Hermitian cosmology. Indeed, since £ = 0, the energy 
density (f9"Tj) is trivially conserved, £ — 0. The angu- 
lar momentum (|92p is, however, not generally conserved, 
implying that the time and energy generally mix. This 
can be seen from the imaginary part of Eq. (|87a[) which 
when divided by eH and using the Hubble parameter (j?2"|) 
of power law expansion - yields, 



L 



■^-(r 2 0) = ~(u°u° 
dr er 



!)■ 



(93) 



Requiring that the derivative of energy integral (|9~lj) 
vanishes, one obtains the equation of motion for r, which 
corresponds to the real part of Eq. (|87a| (divided again 
by IH) . That means that Eq. (f9"Tj) is an integral of motion 
and remarkably the dynamics of particles in Hermitian 
cosmology reduces to a study of motion in a (simple) 
potential given in Eq. (j9"T|) . 

In order to illustrate how to completely solve the 
geodesic equations of Hermitian cosmology, we now re- 
strict ourselves to the simple case when e/ = (recall 
that in standard FLRW cosmology e is by definition a 
real parameter). In this case Eq. implies that the 
angular momentum L = Lq is conserved, Lq = and the 
potential (|91j) acquires the simple form, 



V = 



2 r 2 2r 2 / £ 2 ' 



Uo = l(u°u%-l}(aa)o\(o\ 2/e , 

(94) 

where Uq > parameterizes the time-like velocity at a 
time To- Provided e ^ 1 this potential has an extremum 
V e at the radius r e given by, 



V, 



U e-1 ( U 



2 e \eL 2 



,L: '^ 2l '~ 1) (i o ^0,C/ o ^0). (95) 



When e > 1 (decelerated expansion) the extremum is a 
minimum, as can be seen from figure 5(a) Whenever 
< e < 1 (accelerated expansion) the extremum is a 
maximum, as is depicted in figure 5(b) Choosing e = 2 

1/2 is 



corresponds to the radiation era and the value e 
close to the e parameter of today's Universe. The critical 
value of e — 1 yields a curvature dominated universe, as 
is shown in figure |5(c) In this case V does not have an 
extremum (formally, an extremum V —> —1/2 is reached 
for r — > oo). As r -> the potential approaches +oo 
( — oo) when > U (L§ < U )- 

Since the energy integral (j9Tj) is conserved, particle 
dynamics in the potential (|94p with e > 1 (or when e = 
1 and Lq > Uq) is such that they reach the minimal 
distance r c (a turning point) given by the point where 
r(r c ) = 0. In other words, the Universe of Hermitian 
gravity generically exhibits a bounce whenever e > 1 and 
Lq =/= 0. The critical (minimal) radius is given by V(r c ) — 
0, as can be seen from (|9"Tj) . In the radiation era (e = 2), 
we can solve analytically for the critical radius 



1. 



sftl + {G N Ef = A — -Uq , 



A = J(U /2) 2 + L\ (radiation era) 



The integral from of Eq. (|91j) is, 
dr 



(96) 



(97) 
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V(r e ) 



(a)The potential as a function of the modulus r for e > 1. 

V(r e ) 




(b)The potential as a function of the modulus r for < e < 1. 
Whenever V(r c ) > there is a bounce. 



(L ) 2 > u\ 












^o) 2 < U 



(c)The potential as a function of the modulus r for e = 1. For 
Lq > [/o there is a bounce. 

FIG. 5: Potential (|94|l as a function of the radius for different 
values of e exhibits quite generically a bounce cosmology. 



which cannot be performed analytically for a general e. 
In radiation era (e = 2) integrating ([57)) gives, 



(98) 



where we chose the proper time r such that r(r = 0) 
r c . This can be inverted close to the bounce, 

A / T \ 2 



J (~) , (r-r c < A,r>r c ) 



At late times one gets the expected linear behavior plus 
a logarithmic correction which characterizes Hermitian 
gravity, 



Uo 
2 



In 



1 



(r - r c > A, t > r c ) 



In the limiting case when e = 1 (curvature domination) 
Eqs. ([91]) and (|94|) can be integrated to give, 



■Uo - Ll = ± T 



(99) 



such that when Uq < L\ there is a bounce with the min- 
imal Hubble length given by, 

( £ = 1, Ll > U ) . 



Uo, 



(100) 



The existence of a minimal Hubble length r c as given 
by Eqs. (|96p and (jlOOp means that even when time t c is 
set to zero ('Big Bang'), the Universe reaches its maximal 
- but finite - expansion rate (175[) 



TL„ 



1 



(101) 



with r c given in Eq. (|9"1)|) . (Even if Lq were set to zero 
initially, a small nonvanishing ej would violate angular 
momentum conservation (|93p . such that we expect that 
L / generically close to the bounce. Moreover, the 
choice Lo = represents a set of measure zero in the 
space of all initial conditions {u' 1 (To)|ry M j5U M (ro)w I/ (t ) = 
— 1}, and in this sense the condition Lo = is 'almost 
never' realized.) Equation (|101[) constitutes the main re- 
sult of our analysis of Hermitian cosmology, according to 
which Hermitian cosmology is nonsingular at the classical 
level. 

Note that Hermitian cosmology predicts r c , but at 
what time, t c , and energy, E c , r c is reached depends on 
the initial conditions embodied by Uo and Lo- I n other 
words: 8 C is not predicted since the corresponding angu- 
lar velocity is associated with a conserved quantity Lo- 
To see this let us consider the evolution of the mixing 
angle 8, 



Ldr 



(102) 



This can be integrated for example in radiation era (e = 
2). This is the case, since ej = 0, L = Lo is conserved, 
and the integral (|102p evaluates to 
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where we absorbed the value of the integral at tq into 
9 . Because of the undetermined 9 , 6 c = 9(r c ) is in- 
deed not predicted. Yet demanding 8-^0 when r — > oo 
gives Oo = — Arcsin(J7o/(2A)). At the minimal radius 
r = r c , Eq. (flQ3)) implies 6 C = O - tt/2, such that 6 C 
can be anywhere between —it and 7r/2, depending on Lo 
and J7o- For example, in the limit when Lq/Uq — * 0, 
A# — > — 7r, while in the opposite limit when Lq/Uq — > oo, 
A# — > — 7r/2. Note that in the latter case the Universe's 
expansion rate at the minimal radius r c is completely 
determined by E c . 

To complete the analysis of the geodesic equation, 
one needs to integrate Eq. (|87b[) . By observing that 
Hu — dln(a)/r, one integral can be trivially performed, 
resulting in 



dz l 



u\t ) 



a(r) 



This can be integrated to get z % = z % (t) in special cases 
by making use of the dependence of the scale factor a = 
a(r, 9) in Eq. (|78|) . based on which analysis of the causal 
structure of Hermitian cosmology can be performed. We 
postpone this analysis for future work. 

When e < 1 and when V e < in Eq. (|95p (or when 
e = 1 and L\ < Uq) the Universe collapses towards the 
Big Bang singularity r — > in a finite time. This will 
be the case only when the weak energy condition is vio- 
lated, that is when p + 3p < 0, where p and p denote the 
energy density and pressure of the cosmological fluid, re- 
spectively. (These statements are based on the relation, 
e = (3/2)(l + w), where w = p/p, which holds in stan- 
dard FLRW cosmology.) Notice that even when e < 1, 
the Universe may exhibit a bounce, provided V e > 0, or 
equivalently if the angular momentum is large enough, 



I? > U Q 



2 £ e e (l — e) ( 1+e ). In this case there is a finite 



barrier for a Universe to tunnel to smaller radii where 
V(r) < 0; if that happens, the Universe hits eventually 
the Big Bang singularity H — > oo. This means that infla- 
tion and bounce cosmology are not mutually incompati- 
ble. 

We have thus shown that Hermitian gravity solves the 
problem of Big Bang singularity of Einstein's theory in a 
natural way. 



IX. THE COSMOLOGICAL CONSTANT 
PROBLEM 

Let us first recall Eqs. (|44aH44b| . which we now write 

as, 

G^ + C^A - 8nG N T^ (104a) 
G^ + C^A = 8ttG n T^. (104b) 

Now imposing the reciprocity symmetry on shell implies 

C^ = 0, (105) 



which means that the geometric cosmological term can- 
not contribute to the holomorphic equation (|104a[) . Fur- 
thermore, as we have seen in section fVIIIl the reciprocity 
symmetry reduces the Hermitian sector (I104bl) to the 
constraints (|61aH61b"|) . 

A simple proof that these constraints cannot be met 
unless A is fully compensated by a constant term in the 
scalar potential follows from the observation that the 
form of the scalar potential V = V((f>, i/O is uniquely given 
by Eq. J63]), with Q = ±y/4-7rG N a/3, A = A/(87tGat) and 
W = W(i>,il)). Note that the term -A/(8ttG n ) in the 
potential ([63| cancels exactly the geometric cosmological 
constant A in Eq. (|104b|) . This proof applies only to Her- 
mitian cosmology governed by two scalar fields <p an d V 7 
as described by Eqs. ([37H40]) . 

Since this is an important point, we shall now construct 
an alternative proof, which shows that the assumption 
that the late times Universe approaches a de Sitter phase 
with a constant expansion rate governed by some A e fi > 
leads to contradiction, resolved by requiring A e g — > 0. 

Before we proceed, let us recall the standard FLRW 
cosmology filled with a matter with an equation of state, 
wm = p/p > —1 {f-M = (3/2)(l + wm)) and a cosmolog- 
ical term A. The (classical) Hubble parameter is of the 
form, 



Hqr 



|coth(W^ 



Hqr — 



A 



cosh 2 {tM 



(106a) 
(106b) 



such that at late times t > (1 + wm) -1 yA/3, the ex- 
pansion rate Hqr approaches the de Sitter attractor, 
Hgr — > Has = a/A/3, and Hgr — * exponentially fast. 
This means that a universe filled with any matter with 
an equation of state with wm > — 1 will eventually ap- 
proach the late time de Sitter attractor. This is the case, 
simply because the energy density in any matter fluid, 



with wm > —1, dilutes as pm oc l/a 



3(1+™* 



oc 1/t 2 



as 

the Universe expands (provided wm is constant), such 
that at sufficiently late times the cosmological constant 
necessarily dominates. 

To construct an alternative proof, let us assume that 
at late times the Universe approaches a solution with 
a non-zero effective cosmological constant A e g, which 
yields a constant expansion rate H — * Hds = yAefi/3 
and H — > 0. A e ff is not necessarily the original geomet- 
ric cosmological constant, yet it must be strictly positive 
and d z oA c g — > as \z°\ — > oo. Firstly, from Eq. (|61ap we 
see that as \z°\ — > oo, 



HH 



1 



8itGnV + A) 



const. 



Aeff 

9 

(A eff = 8ttG n V cS ) , (107) 
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or equivalently, 



Hd z oH 



8ttGn 



d z5 V eS ^0 (\z°\ -> oo).(108) 



Next, we multiply Eq. (|61d[) by 
Eq. (|61a[) to arrive at, 

if 11 dV cS 



and make use of 



3a H dz° 



(109) 



where we made use of 4>d^V — > 4>dzV e & = dV c s/dz°, 
with V cS = A ce /(8nG N ). Now combining Eqs. Ijl09|) 
with Eq. (fBTb)) yields, 



<9z° 



1 



-H . 



(110) 



The analogous complex conjugate equation also holds. 
But from Eq. (|108| we know that at late times V e s must 
approach a constant, and thus 



d\n[V cS ] 



dz° 



0. 



d\n[V cS ] 



dz° 



(|*°|-oo), 

(HI) 

implying finally that at late times H — + 0, which together 
with Eq. ([TUT)) gives, 



^ ') <|:"| 



(112) 



This completes the proof that there is no late time de 
Sitter attractor driven by a nonvanishing effective cos- 
mological term A c ff > in Hermitian gravity (with the 
two scalar field action (f39|) used in this article). 

To summarize, we have shown that the consistency 
of Hermitian gravity constraints requires A c ff = A + 
87tGjvVo — > 0, where Vb represents the time (and en- 
ergy) independent part of the scalar potential V. In other 
words, any cosmological term of Hermitian gravity must 
be fully and precisely compensated by the corresponding 
scalar potential. 

The question is whether this holds more generally when 
other types of matter fields (fermions and gauge fields) 
are included. And moreover, what happens when quan- 
tum corrections are included. We postpone the discus- 
sion of these (important) questions for future work. 

Nevertheless, note that an appropriate choice of the 
potential for the second scalar field ip can lead to arbi- 
trary (power law) expansion rate, which also includes a 
near exponential expansion with e ~ 0. Even though this 
type of conformal scalar tf> matter behaves similar to a 
cosmological term, it is not completely identical. In fact, 
the choice e = in Eq. ((70)) is very particular (it entails 
fine tuning), and thus does not comprise a cosmological 
constant problem. Let us now consider the limit e — > 0. 
The potential 



tv(ip, ip) — » wq exp iuiyf (P/a) {ip — tp) 



(113) 



This potential 



is oscillatory (here we used \/— 1 = 
becomes exponential if (3 /a < 0. 

Note also that e = 1/2 (w = —2/3) has special rele- 
vance. This power-law accelerated expansion is realized 
in the absence of the second field ip. 

Let us now rewrite Eq. (|72|) as, 



a = ao (l + hez 



o\iA 



(114) 



where we shifted time z° — > z° + (o and we defined, h = 
l/(eCo)- Now upon taking the limit e -> 0, Eq. {TT|| 
reduces to, 



a = ao exp (hz ^ (h £ C) , 



(115) 



representing an (exponentially expanding) complex de 
Sitter universe of Hermitian gravity with the complex 
Hubble parameter, 



H = h . 



(116) 



This holomorphic de Sitter space must be distinguished 
from the de Sitter space induced by a (real) cosmological 
term in the Hermitian sector of the theory. 

In summary, we found that, as a consequence of the 
reciprocity symmetry, Hermitean gravity does not admit 
a cosmological term at the classical level neither in the 
holomorphic sector nor in the Hermitean sector of the 
theory. Yet it does admit a holomorphic de Sitter space 
realized by a holomorphic scalar field (with a holomor- 
phic kinetic term and with a suitably fine tuned expo- 
nential potential). 

We have thus formulated a generalized theory of grav- 
itation which (at the classical level) allows Minkowski 
space, but does not admit de Sitter space realized by a 
positive cosmological constant. 



X. DISCUSSION 

We have formulated a generalized theory of gravity on 
Hermitian manifolds. Given the extensive literature on 
complex manifolds, we summarize (and emphasize) the 
novel aspects of our work and compare it to existing lit- 
erature: 

1 . Our Hermitian theory of gravity lives on a Her- 
mitian manifold of real dimension eight. There 
are four space-time (x M ) and four momentum- 
energy (p M ) coordinates. The fundamental dynam- 
ical quantity of the theory is a holomorphic tetrad, 
which is a function of z^ = x^ 1 + i(G 'n / 'c 3 )p M . The 
tetrad transforms by means of holomorphic coor- 
dinate transformations (|14[) . which in general mix 
space-time and momentum-energy. This extends 
and generalizes both the principle of covariance 
and equivalence of general relativity. We identify 
the reciprocity symmetry with the operation of the 
almost complex structure operator, which trans- 
forms d/dx^ into d/dy 1 * and d/dy^ 1 into —d/dx^ 1 . 
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The reciprocity symmetry of a Hermitian mani- 
fold demands that the world on 'very large scales' 
(£ 3> Ipi) (general relativistic limit) mirrors the 
world on 'very small scales' (£ <C Zpi) (microscopic 
super-Planckian world), but with the role of space- 
time and momentum-energy exchanged This 
symmetry leaves the commutation relation ((5} in- 
variant. The reciprocity symmetry implies holo- 
morphy of the tetrad fields. Holomorphy reduces 
the degrees of freedom of an eight dimensional the- 
ory to the degrees of freedom of an effectively four 
dimensional world, as required by all known obser- 
vations. 

2 . The eight dimensional formulation of the theory 
is symmetric, and yet the (four dimensional) met- 
ric contains an antisymmetric tensor, which corre- 
sponds to the imaginary part of the metric tensor 
C M p (|19p , which gives rise to dynamical torsion (this 
still awaits a rigorous proof). Our theory differs 
from other dynamical theories of torsion (see for ex- 
ample 2]) in the leading order dynamics of torsion. 
It results from a theory that is projected on the 
space-time submanifold such that different orders 
in p^ mix as a consequence of the Cauchy-Riemann 
equations (see remark 6 below). In this work we 
do not address the dynamics of the antisymmetric 
part of the metric, which may be of importance for 
example for the dark matter of the Universe [TEl ]. 
for spinning black holes and for the Lens-Thirring 
effect. Yet the fact that our Hermitian gravity the- 
ory corresponds to a 'standard' gravity theory of 
a symmetric metric field on an eight dimensional 
(Hermitian) manifold, is a strong indication that 
the theory of torsion within our Hermitian gravity 
does not suffer from the stability problems jj, 0| of 
- for example - the NOT of Ref. 0. 

3 . We define parallel transport by means of a metric 
compatible covariant derivative V^. Contrary to 
most (mathematical) literature on Hermitian man- 
ifolds [7], our covariant derivative is metric com- 
patible, but not tetrad compatible ([52")) in the sense 
discussed. We consider our definition of the covari- 
ant derivative as more natural and better physi- 
cally motivated, as it stems from the action princi- 
ple for test particles, S = — m J ds. Our covariant 
derivative implies 'nonstandard' Hermitian connec- 
tion coefficients (155)) . 

4. The causal structure of the theory is changed 
such that in the flat space limit, the space-time- 
momentum- energy line element is invariant un- 
der the C/(l,3) group (the Hermitian line element 
is also invariant under complex translations and 
hence invariant under the Hermitian generalization 
of the Poincare group). The momentum-energy 
coordinates can be interpreted as coordinates de- 
scribing non-inertial frames. The C/(l,3) reduces 



to its subgroup, the Lorentz group 5*0(1, 3), when- 
ever observers move inertially with respect to each 
other; the momentum energy part of the Hermitian 
flat space line element vanishes. When observers 
move non-inertially with respect to each other, the 
principle of covariance of general relativity is bro- 
ken, but at the same time replaced by an extended 
principle of covariance (namely, the flat space met- 
ric is invariant under the U(l,3) group). Yet this 
breaking becomes significant only in strong gravita- 
tional fields and for large momenta and energies of 
observers/particles, and hence does not necessarily 
contradict observations. 

The causal structure of the flat space limit is 
changed in such a way that there is a minimal 
time for events to be in causal contact and a max- 
imal radius r max for a non-local instantaneously 
causally related volume. The speed of light can ex- 
ceed the conventional speed of light in non-inertial 
frames. The requirement that signals can prop- 
agate results in an upper limit on the four force 
squared f 2 , which describes non-inertial transfor- 
mations. Since there is no lower bound on f 2 , there 
is in principle no upper limit on the group veloc- 
ity, such that superluminal propagation is allowed 
within our theory. When the non-inertial frame of 
a test particle is put 'on-shell', such that the four 
momentum-energy squared is given by the parti- 
cle's mass, p 2 = —m 2 c 2 , then r max — > G^vnjc? 
becomes one half of the Schwarzschild radius. Our 
analysis is based on the geodesic equation which 
does not take account of the self-gravity of test par- 
ticles. This suggests that the above mentioned vio- 
lation of causality will get hidden within the corre- 
sponding particle's black hole radius, possibly ren- 
dering any violation of causality unobservable. In 
conclusion, only a more proper study of this phe- 
nomenon can fully resolve the question of causality 
in Hermitian gravity. 

5 . We define an action principle for gravity and mat- 
ter, where we describe the matter by two scalar 
fields. The pure gravity action is holomorphic in 
the sense that the tetrad field is a holomorphic 
function. The reciprocity symmetry is imposed by 
a constraint action, such that it is realized at the 
level of the equations of motion (on-shell) . This as- 
sures that the Bianchi identities are satisfied. The 
scalar field action is covariant and built out of scalar 
fields that are holomorphic functions (of z M ). One 
scalar field has a Hermitian kinetic term, and an- 
other a holomorphic kinetic term; the potential is 
the product of a holomorphic function and its anti- 
holomorphic counterpart. Both scalars obey the 
covariant stress-energy conservation law, such that 
the Hermitian Einstein equations with scalar mat- 
ter are consistent. 

6 . We study the general relativistic limit of the theory, 
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which is realized by projecting the dynamics onto 
the four dimensional space-time hypersurface. An 
essential element in this projection are the Cauchy- 
Riemann equations, which are a consequence of 
the reciprocity (holomorphy) symmetry of the the- 
ory. The resulting projected theory is holographic 
in the sense that, having a complete knowledge of 
the (complex) tetrad projected onto the four di- 
mensional space-time manifold, allows for an unam- 
biguous reconstruction of the full eight dimensional 
dynamics of Hermitian gravity (the reconstruction 
is essentially based on the principle of analytic ex- 
tension generalized to Hermitian manifolds). We 
find that - to leading order in momentum-energy 
p^ - the geodesic equations reduce to those of gen- 
eral relativity. On the other hand, the (projected) 
dynamical (Einstein's) equations are not mutually 
identical even at zeroth order in the Cauchy- 
Riemann equations mix different orders of p^ . Thus 
in order to check the validity of our Hermitian for- 
mulation of gravity, one ought to explicitly con- 
struct and study the Hermitian analogues of each of 
the important solutions of general relativity. Only 
such a detailed comparison can establish the valid- 
ity of Hermitian gravity, or rule it out. 

7 . In order to investigate whether our Hermitian grav- 
ity is a viable alternative to general relativity, we 
study some important aspects of Hermitian cos- 
mology. For definitcness and simplicity, we focus 
on flat, homogeneous and isotropic universes which 
expand according the power law. This class of solu- 
tions includes most of the important cosmological 
solutions, including the matter era, radiation era, 
inflation, and - as a limit - de Sitter space. As 
said before, our matter is described by two scalar 
fields. The purpose of the scalar field with a Her- 
mitian kinetic term is to satisfy the constraints of 
the Hermitian sector of the theory. This field is 
used to 'mark' the scale factor of the Universe. The 
scalar field with a holomorphic kinetic term drives 
the Universe's expansion. We show that at late 
times, when t ^> (Gjv /c 4 )E, Hermitian cosmology 
reduces to FLRW cosmology of general relativity, 
where E denotes the relevant energy scale. At early 
times the two theories deviate significantly. While 
Einstein's theory exhibits the well known Big Bang 
singularity, where the curvature invariants diverge, 
and the theory stops giving reliable predictions, our 
Hermitian gravity predicts a bounce Universe with 
a calculable minimal size and maximal space-time 
curvature. The contracting and expanding phases 
of an Hermitian gravity bounce can be asymmet- 
ric. This is a consequence of time reversal violation 
induced if the scalar field that drives the expansion 
violates CP (CPT is conserved). There is a caveat 
though: the observers which do not exhibit a mix- 
ing between the time-like and energy-like coordi- 
nates might still experience a Big Bang singularity. 



However, such observers are rare, and represent a 
negligible class of observers with very special ini- 
tial conditions (mathematically speaking, the phase 
space corresponding to these observers is of mea- 
sure zero). Moreover the time-energy rotation can 
be absent only in those universes where the mixing 
between time and energy is not dynamically gener- 
ated. Yet there is no reason to presume that our 
Universe does not contain such a dynamical mixing. 

8 . Our analysis of Hermitian cosmology confirms the 
expectation that, even at zeroth order, Hermitian 
gravity differs from Einstein's gravity. The dif- 
ference becomes significant, however, when space- 
time curvature is large, which is still in essence an 
untested sector of Einstein's theory. In future work 
we hope to investigate other aspects of the theory, 
whenever space-time curvature is large, such that 
the difference between the two theories can again 
become significant, e.g. various types of black hole 
solutions. 

9 . We consider the cosmological constant problem 
within our theory: the pure Hermitian gravity and 
two holomorphic scalar fields in a cosmological set- 
ting. Our analysis shows that any cosmological 
constant is forbidden at the classical level, thus 
solving the gravitational hierarchy problem within 
this framework. While this is a very welcome prop- 
erty of the theory, it is still to a large extent a mys- 
tery, and awaits a further and deeper understand- 
ing. In particular, we are interested in the question 
whether a link can be established between the reci- 
procity symmetry and the vanishing of cosmologi- 
cal constant. Moreover, we would like to find out 
whether the cosmological constant vanishes when 
other kinds of matter fields (in particular fermionic 
and gauge fields) are included. Furthermore, we 
would like to investigate whether our proof can be 
extended to include quantum effects. 

10 . Finally, we are of course interested in quantizing 
Hermitian gravity. At this stage we stress the cu- 
rious fact that the commutation relations - when 
imposed on the space-time and momentum-energy 
coordinates © - respect the reciprocity symme- 
try. This is an important hint on how to quantize 
Hermitian gravity. 

There are various other open questions which we have 
not addressed here. They include: (1) can violation of 
the principles of equivalence and covariance be observed; 
(2) can Hermitian gravity describe the observed inwards 
spiralling of the Taylor-Hulse binary pulsar; (3) does our 
theory meet all of the Solar system tests; (4) is the bend- 
ing of light consistent with the predicted bending by 
general relativity; (5) can Hermitian cosmology produce 
cosmological perturbations consistent with observations, 
etc. 
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